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a b s t r a c t
In this paper, we introduce a q-analogue of the Szász–Mirakyan–Kantorovich operators and
we propose two different modifications of the q-Szász–Mirakyan–Kantorovich operators.
Thesemodifications preserve some test functions.We also examine the rate of convergence
for the constructed operators by means of modulus of continuity.
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction
The Szász–Mirakyan operators (see [1,2]) have an important role in the approximation theory, and their approximation
properties have been investigated by many researchers (see, for instance, [3–8]). In [8], the Kantorovich type of the
Szász–Mirakyan operators was defined as
Kn(f ; x) := ne−nx
∞−
k=0
(nx)k
k!
∫ (k+1)/n
k/n
f (t)dt, f ∈ Cγ [0,∞),
where Cγ [0,∞) = {f ∈ Cγ [0,∞) : |f (t)| ≤ M(1+ t)γ for someM > 0}.
In [4], Aral and Gupta defined q-type generalization of Szász–Mirakyan operators as follows:
Sqn(f ; x) := Eq

−[n]q xbn
 ∞−
k=0
f
 [k]qbn
[n]q

([n]qx)k
[k]q!(bn)k ,
where f ∈ C[0,∞), q ∈ (0, 1), 0 ≤ x < bn1−qn , bn is a sequence of positive numbers such that limn→∞ bn = ∞ and
Eq(x) =∑∞n=0 qn(n−1)/2 xn[n]q! .
First, in [9], King defined a modification of Bernstein polynomials preserving the test functions e0 and e2 for ei(x) =
xi. These types of modifications for Meyer–König and Zeller operators were studied by Özarslan and Duman [10]. The
approximation results on the Bernstein–Chlodowsky and Szász–Mirakyan–Kantorovich operators preserving some test
functions were obtained by several researchers (see, for instance, [11,7]). The modifications preserving the test function
e2 were introduced by Duman and Özarslan [6] and by Agratini and Doğru [3] for the Szász–Mirakyan operators and the
q-Szász–Mirakyan operators.
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Recently, in [12,13], q-analogues of Bernstein–Kantorovich operators have been defined and their statistical
approximation properties were investigated. Also, Gupta and Radu constructed q-Baskakov–Kantorovich operators and
examined weighted statistical approximation properties of these operators [14]. In this paper, we define two different
Kantorovich type modifications of q-Szász–Mirakyan operators using the q-analogue of the integration in the interval [0, b]
(see [15])∫ b
0
f (t)dqt = (1− q)b
∞−
j=0
f (qjb)qj, 0 < q < 1.
Over a general interval [a, b], one defines∫ b
a
f (t)dqt =
∫ b
0
f (t)dqt −
∫ a
0
f (t)dqt.
2. Construction of the operators
Firstly, let us recall some definitions about q-integers (see [16]). For any non-negative integer r , the q-integer of the
number r is defined by
[r]q =

1− qr
1− q if q ≠ 1
r if q = 1
where q is a positive real number. The q-factorial is defined as:
[r]q! =
[1]q[2]q · · · [r]q if r = 1, 2, . . .
1 if r = 0.
For each positive integer n and q ∈ (0, 1), we define the following q-Szász–Mirakyan–Kantorovich operators:
K qn (f , x) = [n]qEq

−[n]q xq
 ∞−
k=0
([n]qx)k
[k]q!qk
∫ [k+1]q/[n]q
q[k]q/[n]q
f (t)dqt, (2.1)
where f be a continuous and nondecreasing function on the interval [0,∞), Eq(x) = ∑∞n=0 qn(n−1)/2 xn[n]q! and 0 ≤
x < 11−qn . It is seen that, the operators K
q
n are linear and positive. In the case of q = 1, the operators K qn turn to the
Szász–Mirakyan–Kantorovich operators [8].
Lemma 2.1. Let ei(x) = xi, i = 0, 1, 2. Then, for 0 ≤ x < 11−qn , and n ∈ N, we have
K qn (e0; x) = 1,
K qn (e1; x) =
2
[2]q x+
1
[2]q
1
[n]q ,
K qn (e2; x) =
3q
[3]q x
2 + 3[2]q[3]q
1
[n]q x+
1
[3]q
1
[n]2q
.
Proof. Using the facts that [k + 1]q = q[k]q + 1,
 [k+1]q/[n]q
q[k]q/[n]q dqt = 1[n]q . So we get K
q
n (e0; x) = 1. From
 [k+1]q/[n]q
q[k]q/[n]q tdqt =
2q[k]q
[2]q[n]2q +
1
[2]q
1
[n]2q , we get
K qn (e1; x) = Eq

−[n]q xq
 ∞−
k=0
2q[k]q
[2]q[n]q
([n]qx)k
[k]q!qk + Eq

−[n]q xq
 ∞−
k=0
1
[2]q
1
[n]q
([n]qx)k
[k]q!qk
= 2[2]q x+
1
[2]q
1
[n]q .
Lastly, making similar computations for the q-integral, one can find∫ [k+1]q/[n]q
q[k]q/[n]q
t2dqt = 1[3]q
1
[n]3q
(3q2[k]2q + 3q[k]q + 1).
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Therefore, we have
K qn (e2; x) = Eq

−[n]q xq
 ∞−
k=0
3
[3]q
q2[k]2q
[n]2q
([n]qx)k
[k]q!qk +
∞−
k=0
3
[3]q
q[k]q
[n]2q
([n]qx)k
[k]q!qk +
∞−
k=1
1
[3]q[n]2q
([n]qx)k
[k]q!qk

.
Then rearranging the terms yields;
K qn (e2; x) =
3
[3]q

qx2 + q[n]q x

+ 3[3]q
1
[n]q x+
1
[3]q
1
[n]2q
.
So the proof is completed. 
Remark 1. If we take q = 1 in Lemma 2.1 then we have moments of the Szász–Mirakyan–Kantorovich operators (see [8]).
Let (qn) be a sequence in the interval (0, 1) so that
lim
n
qn = 1 and lim
n
1
[n]qn
= 0. (2.2)
Theorem 2.1. Let q = (qn) be a sequence satisfying (2.2) and the q-Szász–Mirakyan–Kantorovich operators given by (2.1),
n ∈ N, for each nondecreasing f ∈ Cγ [0,∞) we have limn→∞ K qnn (f ; x) = f (x) uniformly with respect to x ∈ [0, B] provided
γ ≥ 2, and B > 0.
Proof. By using Lemma 2.1, the proof follows from Korovkin theorem (see [17]). We shall omit details of the proof.
Let {rn(x)} be the following sequence of real-valued continuous functions defined on [0,∞)with 0 ≤ rn(x) <∞:
rn(x) := [2]q2 x−
1
2
1
[n]q , x ∈
[
1
[2]q
1
[n]q ,
1
1− qn

, n ∈ N
then we consider the following linear positive operators:
K˜ qn (f ; x) := [n]qEq

−[n]q rn(x)q
 ∞−
k=0
([n]qrn(x))k
[k]q!qk
∫ [k+1]q/[n]q
q[k]q/[n]q
f (t)dqt, (2.3)
where f be a continuous and nondecreasing function on the interval [0,∞).
Lemma 2.2. For each 1[2]q
1
[n]q ≤ x < 11−qn , we have
K˜ qn (e0; x) = 1,
K˜ qn (e1; x) = x,
K˜ qn (e2; x) =
3q
4
[2]2q
[3]q x
2 + 3[2]q
2[3]q
1
[n]q x−

3q
4[3]q +
1
2[3]q

1
[n]2q
.
Proof. The proof follows from Lemma 2.1 immediately. 
By Lemma 2.2, it is seen that the linear positive operators K˜ qn given by (2.3) preserve the linear functions for all
1
[2]q
1
[n]q ≤ x < 11−qn and n ∈ N, that is, for h(t) = ct + d (c and d are any real numbers), K˜
q
n (h; x) = h(x).
Let {un(x)} be the following sequence of real-valued continuous functions defined on [0,∞)with 0 ≤ un(x) <∞:
un(x) := −[2]q2q
1
[n]q +

[2]2q
4q2[n]2q
+ [3]q
3q
x2 − 1
3q[n]2q
,
1√[3]q
1
[n]q ≤ x < 11−qn and n ∈ N. At this point we define the following positive linear operators:
K¯ qn (f ; x) := [n]qEq

−[n]q un(x)q
 ∞−
k=0
([n]qun(x))k
[k]q!qk
∫ [k+1]q/[n]q
q[k]q/[n]q
f (t)dqt, (2.4)
where f be a continuous and nondecreasing function on the interval [0,∞).
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Lemma 2.3. For each 1√[3]q
1
[n]q ≤ x < 11−qn , we have
K¯ qn (e0; x) = 1,
K¯ qn (e1; x) =
2
[2]q

[2]2q
4q2[n]2q
+ [3]q
3q
x2 − 1
3q[n]2q
− 1
q[2]q
1
[n]q ,
K¯ qn (e2; x) = x2.
Proof. Using similar method in Lemma 2.1, we have the proof. So we will omit it. 
3. Rate of convergence
In this section we compute the rate of convergence of the constructed operators by means of modulus of continuity. But
we come across with problems in investigating the q-analogues of some integral inequalities which are used in estimating
the order of approximation. In order to solve these problems, special types of q-integral were defined by some authors.
For example, the Riemann type q-integral was defined by Marinkovich et al. [18] and this type q-integral was used by
Dalmanoğlu and Doğru [19] for computing the rate of convergence of Kantorovich type q-MKZ operators. In this paper,
we use classical q-integral (see [15]). In order to overcome problem in obtaining the rate of convergence, let us prove the
following lemma.
Lemma 3.1. Let 0 < q < 1 and a ∈ [0, bq], b > 0. The inequality∫ b
a
|t − x|dqt ≤
∫ b
a
(t − x)2dqt
1/2 ∫ b
a
dqt
1/2
is satisfied.
Proof. It is seen that∫ b
a
tkdqt = (bk+1 − ak+1) 1− q1− qk+1 for k = 0, 1, 2.
From this, we write
 b
a |t − x|dqt = (b− a)| b+a1+q − x| and∫ b
a
(t − x)2dqt
∫ b
a
dqt

=

(b− a)b
2 + a2 + ab
1+ q+ q2 − 2x(b− a)
b+ a
1+ q + x
2(b− a)

(b− a).
Using the equalities above, we get∫ b
a
|t − x|dqt
2
−
∫ b
a
(t − x)2dqt
∫ b
a
dqt

= (b− a)2

b+ a
1+ q
2
− b
2 + a2 + ab
1+ q+ q2

.
Let us write,
ϕ(a) := −b2q+ ab+ abq2 − a2q.
Since ϕ(0) < 0, ϕ(bq) = 0 and ϕ is monotone increasing on [0, bq], ϕ(a) is non-positive for a ∈ [0, bq], b > 0, q ∈ (0, 1).
This implies that∫ b
a
|t − x|dqt
2
−
∫ b
a
(t − x)2dqt
∫ b
a
dqt

≤ 0
for a ∈ [0, bq], b > 0, q ∈ (0, 1). So the proof is completed. 
Let f ∈ CB[0,∞), the space of all bounded and continuous functions on [0,∞), and x ≥ 0. Then, for δ > 0, the modulus
of continuity of f denoted by ω(f , δ), is defined to be
ω(f , δ) = sup
x−δ≤t≤x+δ; t∈[0,∞)
|f (t)− f (x)|.
Then it is known that limδ→0 ω(f , δ) = 0 for f ∈ CB[0,∞); and also, for any δ > 0 and each t, x ≥ 0 we have
|f (t)− f (x)| ≤ ω(f , δ)

1+ |t − x|
δ

. (3.1)
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If ψx(t) = t − x, (x ≥ 0), then by Lemma 2.1 we get,
K qn (ψ
2
x ; x) =

3q
[3]q −
4
[2]q + 1

x2 +

3[2]q
[3]q −
2
[2]q

1
[n]q x+
1
[3]q
1
[n]2q
. (3.2)
So we have the following theorem.
Theorem 3.1. Let (qn) be a sequence satisfying (2.2). For every nondecreasing f ∈ CB[0,∞), 0 ≤ x < 11−qnn and n ∈ N, we have
|K qnn (f ; x)− f (x)| ≤ 2ω(f , δn),
where δn(x) := (K qnn (ψ2x ; x))1/2.
Proof. Let nondecreasing f ∈ CB[0,∞) and 0 ≤ x < 11−qn . Using linearity and monotonicity of K qn and then applying (3.1),
we get for δ > 0 and n ∈ N, that
|K qn (f ; x)− f (x)| ≤ K qn (|f (t)− f (x)|; x)
≤ ω(f , δ)

1+ 1
δ
K qn (|t − x|; x)

.
Taking into account K qn (e0; x) = 1 and then applying Lemma 3.1 with a = q[k]q/[n]q and b = [k+ 1]q/[n]q, we may write
|K qn (f ; x)− f (x)| ≤ ω(f , δ)

1+ 1
δ
[n]qEq

−[n]q xq
 ∞−
k=0
([n]qx)k
[k]q!qk
×
∫ [k+1]q/[n]q
q[k]q/[n]q
(t − x)2dqt
1/2 ∫ [k+1]q/[n]q
q[k]q/[n]q
dqt
1/2
.
Using the Hölder’s inequality for sums, we get
= ω(f , δ)
1+ 1δ

[n]qEq

−[n]q xq
 ∞−
k=0
([n]qx)k
[k]q!qk
∫ [k+1] q/[n] q
q[k] q/[n] q
(t − x)2dqt
1/2
×

[n]qEq

−[n]q xq
 ∞−
k=0
([n]qx)k
[k]q!qk
∫ [k+1] q/[n] q
q[k] q/[n] q
dqt
1/2
= ω(f , δ)

1+ 1
δ
(K qn ((t − x)2; x))1/2

.
Taking q = qn a sequence satisfying (2.2) and applying (3.2) and then choosing δ = δn(x), the proof is completed. 
By Lemma 2.2, we get for each 1[2]q
1
[n]q ≤ x < 11−qn ,
K˜ qn (ψ
2
x ; x) =

3q
4
[2]2q
[3]q − 1

x2 + 3[2]q
2[3]q
1
[n]q x−

3q
4[3]q +
1
2[3]q

1
[n]2q
. (3.3)
Theorem 3.2. Let (qn) be a sequence satisfying (2.2). For the operators K˜
qn
n given by (2.3), we write that, for all nondecreasing
f ∈ CB[0,∞), 1[2]qn
1
[n]qn ≤ x <
1
1−qnn and n ∈ N
|K˜ qnn (f ; x)− f (x)| ≤ 2ω(f , αn),
where αn(x) := (K˜ qnn (ψ2x ; x))1/2.
By Lemma 2.3, we get for each 1√[3]q
1
[n]q ≤ x < 11−qn ,
K¯ qn (ψ
2
x ; x) = 2x(x− K¯ qn (e1; x)) = 2x

x+ 1
q[2]q
1
[n]q −
2
[2]q

[2]2q
4q2[n]2q
+ [3]q
3q
x2 − 1
3q[n]2q

. (3.4)
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Theorem 3.3. Let (qn) be a sequence satisfying (2.2). For the operators K¯
qn
n given by (2.4), we write that, for all nondecreasing
f ∈ CB[0,∞), 1√[3]qn
1
[n]qn ≤ x <
1
1−qnn and n ∈ N,
|K¯ qnn (f ; x)− f (x)| ≤ 2ω(f , δ∗n),
where δ∗n(x) := (K¯ qnn (ψ2x ; x))1/2.
Taking into account (3.3), (3.4) and following similar steps as in Theorem 3.1, we have the proof of Theorem 3.2 and
Theorem 3.3. So we shall omit details of the proofs.
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